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In former papers ([4-61) the author extended theorems about a direct 
product of groups to ones about a group which consists of all global sections 
of a group in a Boolean universe. The results have not only been used for the 
investigation of a sheaf cohomology group ([7]), but also that of a direct 
product of groups with a large index set. 
In the present paper we shall extend them for more general groups. One 
purpose of this generalization is to state explicitly what has implicitly been 
indicated and used for a group over a countably complete Boolean algebra in 
Theorem 5 of [4], Proposition 3 of [7] and the remark at the end of 
Section 2 of [5). Another is to treat certain kind of subgroups of a direct 
product of groups and especially to do a direct product of groups in an 
ultrapower of the set theoretic universe, which will appear in [S]. For a 
general setting we shall introduce a quasi sheaf over a countably complete 
Boolean algebra (ccBa) in Section 1. Since our interest is only that the 
structure is fitted to proofs of theorems about infinite products and many 
product-like groups have such a structure, no knowledge about a sheaf 
theory is needed. We study groups with such structures concerning theorems 
in [5] and [6] in Section 2 and algebraic compactness in Section 3. Our 
notation and terminology agree with those in [4-61. Other undefined 
terminology is the usual one [9]. All groups in this paper are abelian groups. 
1. A QUASI-SHEAF OVER A COUNTABLY 
COMPLETE BOOLEAN ALGEBRA 
A Boolean algebra B is countably complete if any countable subset of B 
has the least upper bound in B. 
DEFINITION 1. A sheaf (Y, p) (= 9) over a countably complete 
Boolean algebra (ccBa) B is a structure which satisfies the following: 
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(1) P’(b) is an abelian group and -i”(O) is the trivial group, where 0 is 
the least element of B. 
(2) For b, c E B; b 2 c, p,“: Y(b) -+ Y’(c) is a homomorphism and pt 
is the identity. For d < c < b, p: . pi: = pf;. 
(3) Let {b,: a E /i 1 be an arbitrary subfamily of B and b, = VaG,, 6,. 
If p::(x) = p@x’) for each a E A, then x = x’ holds. 
(4) Let b, = Vat,, b, and x, E y(b,). ~~P~~~~~(x,) =P$A~~@D) for 
each a, p E A, then there exists x, E .Y(b,) such that piz(x,) =x, for 
each a E/i. 
A quasi-sheaf (,i”, p) (= 9) over a ccBa B is a structure which satisfies 
conditions (I), (2) d an countable versions of (3) and (4), i.e., replaced “an 
arbitrary A” by “the set of natural numbers N.” 
Clearly a sheaf is a quasi-sheaf by definition. Since B is a Boolean 
algebra, every quasi-sheaf 9 over B is so-called flabby, i.e., for any 
x E P’(b) there exists y E Y(l) such that pi(y) = x, where 1 is the greatest 
element of B. When B is a complete Boolean algebra (cBa), a sheaf over B 
naturally becomes what we called “an abelian group in V(a)” in [5,6] and 
vice versa. In this paper Y is always a quasi-sheaf over a ccBa B. 
DEFINITION 2. For a quasi-sheaf 9 over a ccBa B, 9 means P(1). 
For x E <p, x* E 9 is the element such that pi(x) = pi(x”) and plb(xb) = 0. 
The subgroup {x*:x E cJ?} of 9 is denoted by p*. 
Although the presentations are a little different, Definition 2 includes the 
definition in the introduction of [5]. The results of Section 1 of [5] stated for 
a cBa also hold for a ccBa with the same proofs. Hence, we refer them as 
they were stated for a ccBa. 
Let ti be the canonical completion of a Boolean algebra B, i.e., B is a cBa 
and B is a subalgebra of B and for any nonzero element b of B there exists a 
nonzero element of B less than or equal to b. Let A be a group and A”) its 
Boolean power, i.e., x E A (‘) iff x is function from A to B such that 
V (IEA x(a) = 1 and x(a) A x(a’) = 0 for a f: a’ 141. Then, A”’ naturally has 
a structure of a sheaf (Y*,p*) over B, i.e., Y*(b) is the subgroup of ACE’ 
such that x E Y*(b) iff -b < x(0) and p,**(x)(a) =x(a) A c for a # 0 and 
p:*(x)(O) =x(a) V -c. Clearly p* (= P’*(l)) is A(‘). 
DEFINITION 3. A quasi-sheaf (9, p) over a ccBa B is a quasi-Boolean 
power of a group A over B, if Y(b) is a subgroup of P*(b) and pz is the 
restriction of p,*” to P’(b) and zi E P(1) for each u E A, where u’(u) = 1. 
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A filter F of a ccBa B is a subset of B with the following properties: 
(1) lEFandb,cEFimpliesbAcEF; 
(2) b<candb<FimplycEF. 
A countably complete filter F is a filter which satisfies: 
(3) If b, E F for every n E N, then V,,,, b, E F. 
In the above we admit F = B as a special case. However, as usual we say 
that F is a maximal filter if F is a filter which does not contain 0 and b E F 
or -b E F for every b E B. 
The minimal countably complete filter that includes a filter F is denoted 
by F*, i.e., b E F* iff there exist b, E F (n E N) such that lh\,eN b, < b. 
DEFINITION 4. Let 9 be a quasi-sheaf over a ccBa B and F, ,..., F, 
filters of B. KK...Fm is the subgroup of 9 such that the following hold: 
x E K;I*;. .F, iff for each 1 < i < m there exists bi E Fi such that pii = 0. 
J?/F is the quotient group p/K: for a filter F. 
We write K,,. . .F, instead of Kc.. .F, when no confusion will occur. As 
indicated in Section 2 of [5], .Y/F is a generalization of an ultraproduct for 
a maximal filter F. 
LEMMA 1. Let .Y (= (9, p)) be a quasi-sheaf over a ccBa B and F a 
countably complete filter of B. Then, there exists a quasi-sheaf 9’ over B 
such that ,p’ is isomorphic to KF. 
Proof Let Y’(b) be the subgroup of 9’(b) such that x E Y’(b) iff 
pj;,.Jx) = 0 for some d E F. Let p:‘: Y’(b) --f Y’(c) be the restriction of pi 
to Y’(b). Then, (Y’,p’) turns out to be a quasi-sheaf over B and 
pf EK;. 
DEFINITION 5. Let B be a Boolean algebra and F a filter of B. B/F is the 
quotient Boolean algebra of B by the equivalence relation -F. such that 
b- .ciff(-bVc)A(-cVb)EF. 
We denote the coset containing b by [blF. 
If B is a ccBa and F is a countably complete filter of B, then B/F is a 
ccBa. 
PROPOSITION 1. Let 9 be a quasi-sheaf over ccBa B. Then, there exists 
a quasi-sheaf 9’ over ccBa B/F such that 9’ is isomorphic to p/F. 
Proof: For b E B, let .Y”([b],) = { [x”],: x E p} and 
P’;:,l;crx” IF> = [XC IF for xE 9. 
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Then, Y’ and p’ are well-defined and (Y”,p’) is a quasi-sheaf over ccBa 
B/F and ,J?’ is isomorphic to p/F. 
2. LOS-CHASE TYPE THEOREM ABOUT .p 
First we check that some results in [4-61 for a cBa also holds for a ccBa. 
For Fuchs-44-groups and almost slender groups, see [ 13, 11, 61. 
THEOREM 1. Let 9 be a quasi sheaf over a ccBa B and.F the set of all 
c.c.max-jilters of B. 
(1) If A is a slender group, then Hom(p, A) N @FE,FHom(p/F, A). 
(2) If A is an almost slender group and h E Hom(.p, A), then there 
exist an integer n > 0 and c.c.max-filters F, ,..., F, such that 
h(n.K<...rm)=O.l 
(3) If h: 9 -+ OjEJ Uj (= U) is a homomorphism, then there exist 
c.c.max-filters F, ,..., F,,, and an integer n > 0 and a finite subset J of J such 
that h(n . KF,. . .F, ) s Bjsr Uj + n,,N nU. In addition if Uj is reduced for 
each j E J, then we obtain h(n . K,,. .F,) z OjC7 U,.’ 
Proof: Since Lemmas 1 and 2 of [S] hold for a ccBa with the same 
proofs, the proofs of Theorems 1, 2 of [5] and 1, 2 of [ 61 will go without 
any essential change. We indicate such non-essential changes. We replace 
“b, < [x = anxn]” by “pi,(x) = pi,< anxn)” and “lx = 01 E Fb” by “pi(x) = 0 
for some d E Fb.” 
For filters F and G of a cBa B, G is K-generated by F if for any element b 
of G there exists a subset X of F such that b = A X and the cardinality of X 
is less than K. MC is the least measurable cardinal. 
COROLLARY 1. Let B be a cBa and 9’ a quasi sheaf over B. Let G be a 
countably complete filter and MC-generated by an jilter F. Then, the following 
hold. 
(1) Kr/Kr? is a Fuch-44-group. 
(2) If A is a slender group, then Hom(Kj$/KF, A) = 0. 
(3) If A is an almost slender group, then Hom(Kg/KF, A) is a 
torsion group. 
(4) If A is a slender group and F is countably complete, then 
Hom(Kr, A) = Hom(KF, A). 
’ Here we admit “111 = 0” and in such a case K;!, ,Fm = .F. 
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Proof Let h: KG/K, -+ @,,, Uj be a homomorphism, where Uj is reduced 
for each j E J. Let u: KG+ KG/K, be the canonical homomorphism. By 
Theorem l(3) and Lemma 1, there exist c.c.max-filters F1,..., F, of B and an 
integer n > 0 and a finite subset j of J such that h . a(n . Kc:. .F,) c 
@jejUj, where 5“’ is a quasi-sheaf over B such that .??‘I N Kz. If G E F,, 
then K,“,’ = 9’. Hence we assume that G is not included by Fk. Since F, is 
M,-complete for 1 < k Q m by Theorem 26.1 of [IS], there exist b, 
(1 < k < m) such that b, E F, and -b, E F. Let x E 9’ and b = -VT= 1 b,, 
then b E F, -b E Fk for i < k < m, x = xb + xPb and hence a(x) = a(~“) and 
xb E Kc:. .F,. This implies h(n . Kz/K;i() E OjeJ Uj. Now, (1) has been 
proved. 
By similar methods, (2) and (3) follow from Theorem 1. For any x E K, 
and a c.c.max-filter F’, there exists a y E K, such that pi(x) = pi(y) for 
some b E F’, since G is MC-generated by F and F’ is M,-complete. Therefore 
f&/KG n G is isomorphic to KF/KF n K,,. Now (4) follows from 
Theorem l(1) and Lemma 1. 
The next corollary is a simple generalization of Corollary 6 of [6].’ Since 
we did not write down a precise proof there, we prove it here. 
COROLLARY 2. Let 9 be a quasi-sheaf over a ccBa B. If Y satisfies the 
property (*) and OjeJ Uj is a summand of 9 for reduced torsion groups Uj 
(j E J), then Uj are torsion groups for almost all j E J. 
For any x E p there exist b, E B (n E N) such that 
V b, = 1 and n . pi,(x) = 0 for all n E N. 
ItEN 
(*I 
Proof Let (T: ,p -+ ejEJ Uj be the projection. Then there exist an integer 
n > 0 and distinct c.c.max-filters F, ,..., F, and a finite subset j of J such that 
a(n - K,,. . .F ) E @jeJUj. Let r: 9 + p/KF,. . .F, be the canonical 
homomorphiim. If nx E K,,. . .F,, then there exist ci E F, (i = l,..., m) such 
that pii = 0. Let x’ be the element such that p,!i(x’) = 0 for i = l,..., m 
and p$(x’) = pi,(x), where c* = -Vy! 1 ci. Then, x’ E KF,. . .F, and 
nx = nx’. Hence nx E n . Kr,. .F, (i.e., KF,. . .F, is a pure subgroup of 9). If 
nx E KF,. . .F, for x E OjeJprUj, then nx= a(nx) E OjErUj and hence 
nx = 0. Therefore the restriction of r to n . OjEJmJ Uj is a monomorphism. 
Next we show that p/Kr,. . .F, is a torsion group. For x E 9 there exist b, 
(k E N) such that V kEN b, = 1 and k . pi,(x) = 0 for every k E N. Since Fi is 
countably complete, there exists k E N such that b, E Fi and hence kx E KF . 
Now we have shown that p/Fi is a torsion group for each 1 < i < m. Since 
* Here we would like to mention that a special case of Corollary 6 of [S] (i.e., the case for a 
direct product with a non-measurable index set) had been also a special case of Theorem 2 of 
1151. 
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.5%,. . .F, = p/F, 0 .*a 0 p/F,,,, n . ejeJ-r Uj is a torsion group and so 
is GJjeJ-r Uj. 
COROLLARY 3. Let .Y be a quasi Boolean power of a group U over a 
cBa B, where U is of non-measurable cardinah’ty. Let A be a slender group 
and J a set of non-measurable cardinal@. If h: 9 + A J is a homomorphism, 
then there exists a summand K of 9 such that K is included by the kernel of 
h and p/K is isomorphic to U’ for some I, where I is finite ifJ is finite and 
the cardinality of I is equal to or less than that of J ifJ is infinite. Moreover, 
K is isomorphic to 9 ifR is infinite and the cardinality of X is strictly 
greater than that of J. 
ProoJ Let pi: AJ+ A be the projection to the jth coordinate for each 
j E J. According to Theorem l(1) there exist representations of pj . h (j E J) 
using elements of X. Let .Y be the subset of ST consisting of those filters 
which occur nontrivially in the representation of one of maps pj . h (j E J) 
and {Fi: i E I} an enumeration of 55’ without repetition. Then, I satisfies the 
desired cardinal condition. Since there exists a b such that b E Fi and 
-b E Fi, for i # i’ and Fi is M,-complete (Theorem 26.1 of [ 151) and in 
addition I is non-measurable, we get a pair-wise disjoint subfamily {bi: i E I} 
of B such that bi E Pi by induction. For x E 9 and FE X there exist a 
b E F and a unique u E U such that pi(x) =pi(u’), since F is M,-complete 
and U is non-measurable. Let 7~~: ,p + U be the homomorphism defied in 
this manner. Now let K = {x: z,i(x) = 0} for all i E Z and H = {x: For any 
i E I there exists a u E U such that p:.(x) = pi.(c)}. Then K is included by 
the kernel of h and .p is the direct sum of K and H, where H is isomorphic 
to u. 
Moreover under the additional condition, we can take {bi: i E I} in such a 
way that the cardinality of {F: -Vi,, bi E FE X} is infinite and greater 
than that of I. Then there exist a pair-wise disjoint family {b;: k E I’} and 
{F;: k E I’} such that b; A Vi,, bi = 0, Vkel, b; A Vier b,= 1, b; E FL for 
k E I’ and the cardinality of I’ is infinite and greater than that of I. Let Ki = 
{x:x E Y(bi) and ~ii/\~i(x) = 0 for some b E Fi} and K; similarly for i E Z 
and k E I’. Now 
There are materials which concern with Corollary 3 ([3, 12, 14]), and 
Corollary 3 has applications even for a direct product. Among them we 
concern the following result due to Nunke [ 141: “Let A be a summand of Z’ 
for a non-measurable I. Then A is isomorphic to ZJ for some J.” 
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Suppose that A @B = Z’ for a measurable Z and A is non-measurable. 
Since A is non-measurable, there exists a partition {I,: a E A } of Z of non- 
measurable cardinality such that x(i) = x(j) for any x E A, a E A and 
i,jE I,. Hence A is isomorphic to a subgroup of Z” for some non- 
measurable Z’. Let uA: Z’ + A be the projection. Now we apply Corollary 3 
to this cA. There exist subgroups K and H of Z’ such that K Y& ker (T,, Z’ = 
K @ H, K 1: Z’ and H ‘v Z”’ for some non-measurable I”. Since B = ker cr.., , 
Z”’ N H = crH(A) @ oTH(B), B ‘v a,(B) @ K and A N oH(A), where uH: Z’ + H 
is the projection. According to Nunke’s result, A N ZJ and B N ZJ’ for some 
J, J’. 
3. ALGEBRAIC COMPACTNESS OF FILTER QUOTIENTS OF,~ 
In this section we mainly generalize results of Dugas and Giibel [2]. 
Consequently it becomes a generalization of Theorem 1 of [ 11. 
DEFINITION 6 (Essentially [2]). Let B be a ccBa and F, G filters of B. F 
is pure in G if F c G and for any b, E G (n E N) there exist c, E F (n E N) 
and b E G such that b A c, < b, for all n E N. 
To show pureness of F in G, it is enough to treat the case that b,, 1 < b, 
for n E N. 
THEOREM 2. Let 9 be a quasi-sheaf over a ccBa B and F and G filters 
OfB. 
(1) If F c G s F* and F is pure in G, then Kz/KF is algebraically 
compact. 
(2) Zf .p is algebraically compact and F is pure in G, then KbY/KF is 
algebraically compact. 
ProoJ: Let a,, (n E N) be elements of K, and [a,] the coset containing a,, 
with respect to KF. Let xi”=, rtixj = [a,] (n E N) be equations with coun- 
table unknowns xj where every finite system admits a solution in KG/KF. To 
show algebraically compactness it is sufficient to treat the only above type of 
equations. For each k there exist ujkEK, (j<k) such that Cy= I r,[uj”] = 
[a,] for n < k. Let b, E B be an element of G such that pi,($) = 0 forj Q k. 
By pureness of F there exist ck E F (k E N) and b E G such that ck A b < b,, 
ck+i < ck and JJJ=i rnipi,(ujk) = p,!,(a,) for n < k. Since ak E K, and 
G z F*, there exist d, E F (n E ZV) such that d,, , < d, and pj,(a,) = 0 for 
all kEN, where dm=AneN d,. Let f”=c,Ad, (nEN) and vj be the 
element of 9 such that pjn-f,+,(vj) =p~~-f~+l(~~) for n <j and p!,Jvj) = 0 
and pjm(vj) = 0, where f, = A neNfn. Since f,, Ab<c,Ab<b, and 
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pi (uj”) = 0, ~i,,~~,-~,+,,(u~:.) =0 and P~,,-~,(z)~) = 0 for all n E N. Hence 
pi[v,) = 0 and so vi E K,. Now CJ= r ~,Jo~‘i] = [a,] for all n E N, because 
pj,(uj) = prm(u,) = 0 for j, n E N and pjk(CJ= r rti . uf - a,) = 0 for k > n. 
(2) Let CJ=,rti.xj=[rn] (nEN) and uTEKG and b,,c,,bEB 
(j < k E N) be as in the proof of (1). Since Y’(c) is a summand of 9, -i”(c) 
is algebraically compact for C E B. Equations c:= r rkj * Xj = p lb AC,(ak) 
(k E N) have solutions wj E 9-b A c,) (j E N). We define vj E .p (j E N) 
in such a way that pi(uj) = 0, p!bAcck-ck+l)(uj) =~Ibh(~~-~~+,)(~jk) for k E N 
and p’,,,,(vj) = wj. Then clearly vj E K, and cy= I r,,j . p,‘,(Uj) =~:,(a~), 
and hence CJ=r rd[uj] = [a,] for n E N. 
As indicated implicitly in [lo], (3.6) of [2] is incorrect. Hence, the 
condition that KF/KF is algebraically compact seems complicated in case 
that 9 is not a quasi-Boolean power. Even so their characterization of 
algebraically compactness still has a merit for a general case (Proposition 3 
below). Therefore we introduce their characterization. 
DEFINITION 7 ([2]). A group A is complete if for any sequence 
(a,: n EN) of elements of A such that n! 1 a,, 1 - a, there exists an a E A 
such that n! 1 a - a, for all n EN. 
For a group A, the first Ulm subgroup n,,N nA is denoted by U(A). 
PROPOSITION 2 ([2, Satz 2.51). A group A is algebraically compact ijjf A 
is complete and U(U(A)) = U(A). 
LEMMA 2. Suppose that U(U(Y’(b))) # U(Y’(b))fir any nonzero b E B. 
If U(U(K,/K,)) = U(K,/K,), then G L F*. 
Proof First we show the existence of an a E p such that a E U(p) but 
pi(u) ~5 U(U(Y(b))) for any nonzero b E B. Let x0 E U(.p) and 
x0 6Z U(U(p)) an d c, = -V {b: pi(x,J E U(U(Y(b)))}. Then c0 # 0 and for 
any b<c,, P~J does not belong to U(U(Y(b))). Next put 
X, E U(Y(-c,)) so that x1 G? U(U(Y(-c,))) and let c, = -c, A 
C-VP: ~i?(xJ E U(WV))l). W e continue this construction transfinitely 
until V {c, : 01< K} = 1 for some K. Then c, A cq = 0 for a # p. Let a E ,F? be 
the element such that pi=(u) = pz;(x,) where d, = - V4<nc,4, then a satisfies 
the desired property. 
Suppose that there exists a b E G-F*. Then, amb E K, and [a-“] E 
U(K,/K,) and hence n 1 [u-“1 for every n E N. There exist b, E F (n EN) 
such that n [~:,(a-“) for n EN. Since b E F*, it never occurs that 
A,,eN b, < b. Hence -b A A,,, b, (= b,) # 0. Now we get that n I pi,(u) 
for all n E N, which is a contradiction. 
LEMMA 3. Suppose that Y’(b) is not complete for any nonzero b E B. If 
KG/KF is complete, then G z F*. 
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ProoJ By a similar way as in the proof of Lemma 2, there exist a,, E 9 
(n E N) with the following: (1) n! ( a,,, -a,,; (2) for any nonzero b E B 
there exists no x E Y(b) such that m! 1 x - pi(a,) for all m E N. Suppose 
that there exists a b E G -F*. Since KG/KF is complete, there exists 
ace E K, such that n 1 [a,] - [a;“] f or every n E N. Hence there exist 
b, E F such that n 1 pi,(a,) - pi,(a;“). Just as in the proof of Lemma 2, 
-b A /j ,,EN b, # 0 and we reach a contradiction. 
PROPOSITION 3. Let 9 be a sheaf over a cBa B such that Y(b) is not 
algebraically compact for any nonzero b E B. If K,/K, is algebraically 
compact for F s G, then G s F* holds. 
Proof. Let b, = V{b: Y(b) is complete}. Then .Y(b,) is complete and 
Y(c) is not complete for any nonzero c which is disjoint from b,. Hence 
U(U(Y(c))) # U(Y(c)) for any nonzero c < b, . Let Fi = {b: b V -bi E F}, 
Gi={b:bV-btEG}, x(b)=z(bAb,) and pt=p:$ where 6, =-b, and 
i=l, 2. Then as in the bottom of p. 351 of [2], K~/K~=K~~/K;~fi@ 
KzZI/Kc<2. By Lemmas 2 and 3, G, c FT, G, & FF and hence G E F*. 
COROLLARY 4. Let 9 be a quasi-Boolean power of a group A and F, G 
jilters of a ccBa B such that F g G. 
(1) Suppose that A is not algebraically compact. Then, K,/K, is 
algebraically compact iff G g F * and F is pure in G. 
(2) Suppose that 9 is algebraically compact and the reduced part of 
A is not bounded, i.e., A/A, is not bounded where A, is the maximal divisible 
subgroup of A. Then, KG/KF is algebraically compact iffF is pure in G. 
Proof. According to Theorem 2 and Proposition 3, what we must show is 
that if the reduced part of A is not bounded and KG/KF is algebraically 
compact, then F is pure in G. If the reduced part of A is not bounded, there 
exist a,, E A and i, < i,, 1 (nEN) such that a,Ei,!A but a,&(i,+ l)!A 
for n E N. Let b, (n E NU {0}) be elements of G such that b, = 1 and 
b ,+l<b, for nEN. And let a,* (n EN) be elements of 9 such that 
P~j-,,bi(a~) = pii-,-bi(a’i) for 1 < i < n and pi,(a,*) = 0. Then a,* E K, 
clearly and (i, + I)! ] a,*,, - a,* for n E N. By the assumption there exist an 
a * E K, and c, E F such that (i, + l)! ] p,‘,(a*) - p,‘,(a,*) for all n E N. Let 
b be an element of G such that pi(a*) = 0. Then (i,+ i)! / pi ,,C,(a,*) and 
hence b A c, < b, for n E N. 
Remark. Let B be a cBa. Balcerzyk [l] showed the following: “Suppose 
that A is algebraically compact and the cardinality of A is K. If B satisfies 
(K, k)-DL, then the Boolean power ACB’ is algebraically compact.” It is easy 
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to show that (w, K)-DL is enough in the proposition, if we adopt a system of 
equations as a method to show that AtB’ is algebraically compact. 
A cBa B satisfies (w, K)-DL if A,,Cw VaCn b,, = VfCW, A,,, b,,,fc,, hold 
for all systems {b,: m < o, a < K} E B, where w is the first infinite ordinal. 
It is well known that (w, 2)-DL is equivalent to (w, 2Ko)-DL. 
PROPOSITION 3. Let B be a cBa. The Boolean power JbB’ is algebraically 
compact ifJ’B satisJes (w, 2).DL, where J, is the group of p-adic integers. 
ProoJ: Since (w, 2K~)-DL implies the algebraic compactness of JT’, the 
one of implications is obvious. Suppose that (w, 2)-DL does not hold. Then, 
there exist b,, (m E N, n Ep = (0, l,..., p - I}) such that b,, A b,,, = 0 for 
n z n’ and 0 = V,,, AneN b,,/(,,, # A,,,cN V,,, b,,. Let Seq(p) be the set of 
finite sequences whose members are elements of p. For s E Seq(p), lb(s) is 
the length of s, i.e., s = (s( 1) ,..., s(lh(s))). Note that every s E Seq(p) 
represents a p-adic integer. Let a, be the element of Jh”’ such that dom(a,) = 
{s: lb(s) = n} and a,(s) = Ai=, bksCk,. Then, p” 1 a,,, -a, for every n E N. 
Suppose that JT’ is algebraically compact. Then there exist x E JkB) such 
that p” Ix - a,, for every n E N. We identify Jp with the set “p consisting of 
all functions from N to p. Then, p” /x - a,, implies that x(f) < Al= 1 bifCi, for 
each n E N and fE Jp and hence x(f) = 0 for each f E Jp. This implies 
p 1 a,, which is a contradiction. 
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